The aim of this article is to establish a Toponogov type triangle comparison theorem for Finsler manifolds, in the manner of radial curvature geometry. We consider the situation that the radial flag curvature is bounded below by the radial curvature function of a non-compact surface of revolution, the edge opposite to the base point is contained in a Berwald-like region, and that the Finsler metric is convex enough in the radial directions in that region.
Introduction
Toponogov's triangle comparison theorem (TCT) is one of the milestones in global Riemannian geometry. It asserts that the angles of a geodesic triangle in a complete Riemannian manifold of non-negative sectional curvature are not smaller than the corresponding angles of a triangle with the same side lengths in R 2 ( [To1] ). TCT was first used to generalize Cohn-Vossen's splitting theorem ( [CV, Satz 5] ) to higher dimensions ( [To2] ), and then has played vital roles in the study of the relationship between curvature and topology of Riemannian manifolds (see [GM] , [CG] , [GS] , [Gr] etc.). Fruitful non-trivial consequences can be produced from simple geometric techniques using geodesic triangles (as in Euclidean geometry) via TCT.
There are several generalizations of TCT. One can weaken the assumption by restricting the curvature bound only to the radial direction from a fixed base point p (then p must be a vertex of the triangle). It is also possible to consider a model surface other than R 2 , even the one changing the sign of its Gaussian curvature (see [IMS] , the first and the third authors' [KT2] and [KT3] ). Some applications of TCT are also generalized. For example, the diameter sphere theorem of Grove and Shiohama [GS] was extended by the first and the second authors in that radial curvature sense (see [KO] ).
In [Oh1] , the second author studied a related comparison theorem in Finsler geometry. Estimated in [Oh1, Theorem 4.2] was the concavity of the squared distance function depending on the lower flag curvature bound, the lower tangent curvature bound, and on the 2-uniform smoothness of tangent spaces. The flag curvature is a generalization of the sectional curvature, while the latter two quantities do not appear in the Riemannian setting. Because of these non-Riemannian quantities, it is in general impossible to extend TCT to Finsler manifolds. It is especially difficult to give the angle a sense. Then the aim of this article is to find a reasonable non-Riemannian situation where TCT makes sense. It will turn out that a certain triangle in a certain (non-Riemannian) Finsler manifold can satisfy TCT in a reasonable way. We remark that, on comparison geometry and geometric analysis related to the Ricci curvature, there is a successful theory by the second author and Sturm for general Finsler manifolds (see [Oh2] , [OS1] , [OS2] , [Oh3] ).
In order to state our main theorem, let us introduce several notions. Let (M, F, p) denote a pair of a forward complete, connected C ∞ -Finsler manifold (M, F ) and a base point p ∈ M. Because its distance function d is not symmetric in general, we introduce d m (x, y) := max{d(x, y), d(y, x)}.
It is clear that d m is a distance function of M. We can define the 'angles' with respect to d m as follows. Let c : [0, a] −→ M be a unit speed minimal geodesic segment (i.e., F (ċ) ≡ 1) with p ∈ c([0, a]). The forward and the backward angles
These limits indeed exist in [−1, 1] (see Lemma 2.2, we use d m rather than d for ensuring that they live in [−1, 1]). Given three distinct points p, x, y ∈ M, we will denote by
the forward triangle consisting of unit speed minimal geodesic segments γ emanating from p to x, σ from p to y, and c from x to y. Define the interior angles
For a local coordinate (
For each v ∈ T x M \ {0}, the positive-definite n × n matrix
provides us the Riemannian structure
This is a Riemannian approximation (up to the second order) of F in the direction v. For two linearly independent vectors v, w ∈ T x M \ {0}, the flag curvature is defined by
where R v denotes the curvature tensor induced from the Chern connection (see [BCS, §3.9] ). We remark that K M (v, w) depends not only on the flag {sv + tw | s, t ∈ R}, but also on the flag pole {sv | s > 0}.
Given v, w ∈ T x M \ {0}, define the tangent curvature by
where X, Y are extensions of v, w, and D w v X(x) denotes the covariant derivative of X by v with reference vector w. Independence of T M (v, w) from the choices of X, Y is easily checked. Note that T M ≡ 0 if and only if M is of Berwald type (see [Sh, Propositions 7 .2.2, 10.1.1]). In Berwald spaces, for any x, y ∈ M, the tangent spaces (T x M, F | TxM ) and (T y M, F | TyM ) are mutually linearly isometric (cf. [BCS, Chapter 10] ). In this sense, T M measures the variety of tangent Minkowski spaces.
Let ( M ,p) denote a complete 2-dimensional Riemannian manifold homeomorphic to R 2 with a base pointp ∈ M such that its Riemannian metric ds 2 is expressed in terms of geodesic polar coordinate aroundp as
where f : (0, ∞) −→ R is a positive smooth function which is extensible to a smooth odd function around 0. Define the radial curvature function 
changes the sign on [0, ∞), indeed, lim t↓0 G(t) = 8 and lim t→∞ G(t) = −∞. Note that the total curvature is equal to 2π, since lim t→∞ f ′ (t) = 0.
We say that a Finsler manifold (M, F, p) has the radial flag curvature bounded below by that of ( M ,p) if, along every unit speed minimal geodesic γ : [0, l) −→ M emanating from p, we have
for all t ∈ [0, l) and w ∈ T γ(t) M linearly independent toγ(t). Given a forward triangle
hold, whered denotes the distance function of ds 2 and we set
Note that a comparison triangle is unique up to an isometry of M . Now we state our main theorem.
Theorem 1.2 (TCT) Let (M, F, p) be a forward complete, connected C ∞ -Finsler manifold whose radial flag curvature is bounded below by that of a von Mangoldt surface
and w ∈ T z M, and the reverse curvē
See It is not difficult to construct non-Riemannian examples satisfying the conditions in the theorem. Let us start with a Riemannian manifold (M, g) satisfying the curvature condition. We modify (the unit spheres of) 
Remark 1.3
There are several applications of Theorem 1.2, e.g., we proved the finiteness of topological type and a diffeomorphism theorem to Euclidean spaces ( [KOT] ), and the first author generalized the diameter sphere theorem of Grove and Shiohama by modifying Theorem 1.2 ( [K] ).
The organization of this article is as follows. In Section 2, we verify the validity of the forward and the backward angles. Then we apply the techniques developed by the first and the third authors ([KT2] , [KT3] ) in Sections 3-6. Section 3 is devoted to the key estimate (Lemma 3.6) on the lengths of geodesic variations. From this, we readily derives weak TCT (i.e., TCT with respect to slightly worse model surfaces) for thin triangles outside the cut or conjugate locus of the base point in Section 4. In Section 5, we prove the double triangle lemma for model surfaces of revolution, which enables us to glue two thin triangles. We finally show TCT by gluing thin triangles and improving the model surface in Section 6.
Angles
Throughout the article, (M, F, p) denotes a forward complete, connected C ∞ -Finsler manifold with a base point p ∈ M, and d denotes its distance function. We refer to [BCS] for the basics of Finsler geometry. The forward completeness guarantees that any two points in M can be joined by a minimal geodesic segment (by the Hopf-Rinow theorem, [BCS, Theorem 6.6 .1]). We will not assume the reversibility F (−v) = F (v). Thus d(x, y) = d(y, x) can happen and the reverse curve of a geodesic is not necessarily geodesic.
For each x ∈ M \ {p}, we set
⊂ M \ {p, x} be a sequence converging to x. For sufficiently large i, we set
where exp −1
x (x i ) means the initial velocity of the unique minimal geodesic segment emanating from x to x i . If w := lim i→∞ w i exists, then we have
. Then the forward and the backward angles as in (1.1) and (1.2) are welldefined.
Proof. We need to take a little care on the non-reversibility of
and hence Theorem 2.1 yields
and Theorem 2.1 imply
The same argument shows that (1.2) is well-defined. Precisely, for s ∈ (0, a], we have
and hence, by letting λ := max{1, F (−ċ(s))}, 
Preliminaries for geodesic variations
Let Cut(p) be the cut locus of p. Take a point q ∈ M \ (Cut(p) ∪ {p}) and small r > 0 such that
and that B ± r (q) is geodesically convex (i.e., any minimal geodesic joining two points in B ± r (q) is contained in B ± r (q)). Given a unit speed minimal geodesic c : (−ε, ε) −→ B ± r (q), we consider the C ∞ -variation
where l = d(p, c(0)). Since x := c(0) ∈ Cut(p), there is a unique minimal geodesic segment γ : [0, l] −→ M emanating from p to x. By setting
we get the Jacobi field J along γ with J(0) = 0 and J(l) =ċ(0).
Remark 3.1 Since γ is unique, it follows from Lemma 2.2 that
Proof. Since J is a Jacobi field along γ, there exist a, b ∈ R satisfying g˙γ (t) (γ(t), J(t)) = at + b for all t ∈ [0, l]. Since J(0) = 0, we find b = 0. Together with J(l) =ċ(0), we obtain al = g˙γ (l) (γ(l),ċ(0)) and hence
Thus the Jacobi field J ⊥ as above is g˙γ-orthogonal toγ(t) on [0, l] . ✷
The index form with respect to γ| [0, l] is defined by
Proof. These are consequences of the fundamental first and second variational formulas (cf. [BCS, Exercise 5.1.4] , [BCS, Exercise 5.2.7] ). We only remark that the geodesic equation
Key lemma
Throughout this subsection, we assume that the radial flag curvature of (M, F, p) is bounded below by that of a von Mangoldt surface ( M ,p) as in Theorem 1.2. Note that
since f ′ (ρ) = 0 and G(ρ) = 0 for a unique ρ ∈ (0, ∞). Given small δ > 0, we modify ( M ,p) into ( M δ ,õ) with the metric ds
where G is the radial curvature function of M . Since ( M δ ,õ) has the less curvature than ( M ,p), we can also employ ( M δ ,õ) as a reference surface for M. Note that ( M δ ,õ) is again of von Mangoldt type satisfying
for some unique ρ δ ∈ (ρ, ∞), and that lim δ↓0 ρ δ = ρ as well as lim δ↓0 f δ (t) = f (t). Let c, x = c(0), γ and l = d(p, x) be as in the previous subsection. Fix a pointx ∈ M δ withd δ (õ,x) = l, whered δ denotes the distance function of ds 2 δ . Letγ : [0, l] −→ M δ be the minimal geodesic segment fromõ tox, and take a unit parallel vector field E alongγ orthogonal toγ. Define the Jacobi field X alongγ by
and denote by I l ( · , · ) the index form of M δ for C ∞ -vector fields alongγ| [0, l] .
Lemma 3.4 For any Jacobi field X along γ which is g˙γ-orthogonal toγ and satisfies X(0) = 0 and g˙γ (l) (X(l), X(l)) = 1, we have
Proof. Let E be the vector field along γ such that E(l) = X(l) and
and note that X(0) = Y (0) and X(l) = Y (l). Thus, since X is a Jacobi field, it follows from the basic index lemma (cf. [BCS, Lemma 7.3.2] ) that I l (Y, Y ) ≥ I l (X, X). Combining this with the radial curvature bound K M (γ(t), Y (t)) ≥ G(t) (recall (1.4) for the definition of the flag curvature K M ), we obtain
where ω is as in Remark 3.1. (There may be two choices for suchc, whereas there is no difference between them since M δ is a surface of revolution.) This choice ofc is the key trick in dealing with the non-reversible case. Let us consider the geodesic variatioñ
By setting
we get the Jacobi field J alongγ with J(0) = 0 and J (l) =ċ(0). Similarly to Lemma 3.2, the Jacobi field
alongγ is orthogonal toγ(t) on [0, l].
Then there exists δ 1 = δ 1 (f, r) > 0 such that, for any δ ∈ (0, δ 1 ), we have
where J is as in Subsection 3.1 and we set for later convenience
Thus l > ρ δ holds for δ ∈ (0, δ 1 ) with sufficiently small δ 1 = δ 1 (f, r) > 0.
We shall show
Recall from Remark 3.1 that g˙γ (l) (γ(l),ċ(0)) = λ cos ω. From (3.3), we observe
where E and X are as in the paragraph preceding Lemma 3.4. Since both J ⊥ and X are Jacobi fields (on M δ ), this implies J ⊥ (t) = ±λ sin ω · X(t) on [0, l]. Hence we obtain (3.5)
By Lemma 3.2, we have
By the hypothesis
holds. Thus Lemma 3.4 shows
Combining this with (3.5), we obtain
Since l > ρ δ , f ′ δ (l) < 0 holds from (3.2). Hence we get
which completes the proof of (3.4). Since |l − l 0 | ≤ max{d(q, x), d(x, q)} < r and l, l 0 > ρ, taking smaller δ 1 (f, r) > 0 if necessary, we have 1
Lemma 3.6 (Key lemma) In addition to the assumptions in Lemma 3.5, we assume that T M (γ(l),ċ(0)) = 0. Then, for each δ ∈ (0, δ 1 ) and θ ∈ (0, π/2), there exists ε
By virtue of T M (γ(l),ċ(0)) = 0, it follows from Lemma 3.3 and Remark 3.1 that
Since R(s) = O(|s| 3 ) and c lives in a bounded domain, there exists
for s ∈ (−ε, ε). Now, by the same argument on M δ , we obtain
for some C 3 = C 3 (f, l) > 0 and all s ∈ (−ε, ε). Combining this with (3.6) and Lemma 3.5, we have
Since sin ω ≥ sin θ by hypothesis, we further observe
Therefore choosing
See Remark 4.2 below for the case of sin ω = 0. We remark that, because lim δ→0 ε ′ = 0, one can not take the limit as δ → 0 (i.e., M δ → M ) at this stage.
Weak TCT for thin triangles
From Lemma 3.6, we immediately derive TCT for thin triangles outside the cut locus of p, with respect to the model surface ( M δ ,õ). Let (M, F, p), ( M,p) and ( M δ ,õ) be as in Subsection 3.2. We remark that the sector Lemma 4.1 (Weak TCT) In the same situation as Lemma 3.6, we further assume that
By choosing smaller ε ′′ (depending on M and l) if necessary, we can also assume thatc is minimal. Take a ∈ (0, ε ′′ ] and put y := c(a). Then the forward triangle
Proof. Sincec is geodesic and minimal,
and denoting by d V the distance function with respect to g V , we have
Thanks to d(x, y) = a ≤ ε ′′ and the triangle inequality (4.1), we can take a comparison triangle △(õxỹ) with 0 = θ(
in Lemma 3.6, beginning from y instead of x). ✷ Remark 4.2 We excluded the case of sin ω = 0 (i.e., g˙γ (l) (γ(l),ċ(0)) = ±λ) in Lemma 4.1 without loss of generality. If sin ω = 0, then we observe from the estimates in (2.2) thaṫ γ(l) =ċ (0) with
Sincec is also geodesic, c is contained in a geodesic passing through p in both cases. Thus TCT clearly holds. /∂t)(t, s) ) dt, where t −→ ϕ(t, s) is the geodesic segment from p to c(s) such that (∂ϕ/∂t)(0, s) is in a neighborhood oḟ γ(0) on which exp p is diffeomorphic. Then the same argument as Subsection 3.2 shows (s) ) for all sufficiently small s > 0, and hence the analogue of Lemma 4.1 holds.
Double triangle lemma
Throughout this section, let ( M ,p) be a von Mangoldt surface of revolution. The following fact on the cut loci of M is important.
Remark 5.1 The cut locus Cut(x) ofx =p is either an empty set, or a ray properly contained in the meridian θ −1 (θ(x) + π) opposite tox. Moreover, the endpoint of Cut(x) is the first conjugate point tox along the minimal geodesic fromx passing throughp ( [Ta, Main Theorem] ).
We start with simple lemmas.
Lemma 5.2 Takex ∈ M \ {p} and letγ : [0, ∞) −→ M be the meridian passing through x. Fix t > 0 and putỹ :=γ(t). Then we haved(x,ỹ) <d(x,z) for allz ∈ ∂B t (p) \ {ỹ}.
by the triangle inequality, and equality holds only ifz =ỹ. In the case whered(p,x) > t, we similarly findd
and equality holds only ifz =ỹ. ✷ Lemma 5.3 Letx ∈ M \ {p}, t > 0 and takeỹ,z ∈ ∂B t (p).
Proof. We can assume θ(z) < π without loss of generality. Letγ : [0, ∞) −→ M be the meridian passing throughỹ, and xz be the geodesic segment fromx toz. Then xz ∩γ([0, ∞)) = ∅ since 0 < θ(ỹ) < θ(z) < π, so that we takew ∈ xz ∩γ([0, ∞)). It follows from Lemma 5.2 thatd(w,ỹ) <d(w,z), and hencẽ
✷
Lemma 5.4 Let △(pxỹ) and △(pỹz) be geodesic triangles in M such that 0 = θ(x) < θ(ỹ) < θ(z) and ∠(pỹx) + ∠(pỹz) = π. If there is a geodesic triangle △(pqr) in M satisfyingd(p,q) =d(p,x),d(p,r) =d(p,z), andd(q,r) =d(x,ỹ) +d(ỹ,z), then θ(z) < π holds.
Proof. Suppose θ(z) > π. Put t :=d(p,z) and letṽ ∈ ∂B t (p) be the point with θ(ṽ) = π. Then Lemma 5.3 forỹ andṽ,z ∈ ∂B t (p) showsd(ỹ,ṽ) <d(ỹ,z). Together with the triangle inequality, we find
Sinced(p,q) =d(p,x) andd(p,r) =d(p,z) = t, we can takew ∈ ∂B t (p) satisfying d(x,w) =d(q,r). Combining this with (5.1) yields
Note that, however, △(pxw) is isometric to △(pqr). Since π = θ(ṽ) ≥ ∠(qpr) = ∠(xpw), it follows from Lemma 5.3 thatd(x,w) ≤d(x,ṽ). This contradicts (5.2). If θ(z) = π, thend(x,z) <d(x,ỹ) +d(ỹ,z) =d(x,w) similarly implies a contradiction, whered(x,z) <d(x,ỹ) +d(ỹ,z) follows from the hypothesis ∠(pỹx) + ∠(pỹz) = π. ✷
The following lemma is the main result of this section.
Lemma 5.5 (Double triangle lemma) Let △(pxỹ), △(pỹz) be geodesic triangles in M such that 0 = θ(x) < θ(ỹ) < θ(z) and ∠(pỹx) + ∠(pỹz) ≤ π. If there is a geodesic triangle
then we have ∠x ≥ ∠q and ∠z ≥ ∠r.
Proof. If ∠(pỹx) + ∠(pỹz) = π, then △(pxz) is isometric to △(pqr), and ∠x = ∠q as well as ∠z = ∠r hold. Assume ∠(pỹx) + ∠(pỹz) < π and put t :=d(p,z). Note that Note that a local triangle admits a comparison triangle also in M δ . We prove a simple lemma for later convenience. 
, and the reverse curve of c is geodesic,
Proof. We can exclude the trivial case where c is contained in a geodesic passing through p (recall Remark 4.2). Let S be the set of s ∈ (0, a) such that there is a comparison triangle
It is sufficient to prove sup S = a. Lemma 4.1 and Remark 4.3 ensure that S is non-empty. Now, suppose sup S < a and take s 0 ∈ S with s 0 + ε ′′ > sup S for ε ′′ chosen in Section 4. Then there is a comparison triangle
By Lemma 4.1 and Remark 4.3, for
We can takex 2 =ỹ 1 with 0 = θ(x 1 ) < θ(ỹ 1 ) = θ(x 2 ) < θ(ỹ 2 ). Note that Theorem 2.1 shows
so that ∠ỹ 1 + ∠x 2 ≤ π. Indeed, putting λ = max{1, F (−ċ(s 0 ))} (and recalling the proof of Lemma 2.2), we have
Hence it follows from Lemmas 5.5, 6.2 that there exists a comparison triangle △(õx 3ỹ3 ) ⊂ V δ (π) of △( − → px, −−−−−−→ pc(s 0 + ζ)) such that ∠x 3 ≤ ∠x 1 and ∠ỹ 3 ≤ ∠ỹ 2 . Combining these with (6.1) and (6.2) implies s 0 + ζ ∈ S, which contradicts s 0 + ζ > sup S. (1) g v (w, w) ≥ F (w) 2 for all z ∈ N (c), v ∈ G p (z) and w ∈ T z M, (2) T M (v, w) = 0 for all z ∈ N (c), v ∈ G p (z) and w ∈ T z M, and the reverse curve of c is geodesic.
Then △( − → px, − → py) admits a comparison triangle △(pxỹ) in M with − → ∠ x ≥ ∠x and ← − ∠ y ≥ ∠ỹ.
Proof. It suffices to construct a comparison triangle △(õxỹ) in M δ satisfying the angle conditions, and then take the limit as δ → 0. Put a := d(x, y). We first assume x ∈ Conj(p). By the definition of the locality, y is not a cut point of Since lim i→∞ċi (0) =ċ(0) and lim i→∞ċi (a i ) =ċ(a), we find
Therefore △(õxỹ) := lim i→∞ △(õx c i (a i )) is the desired comparison triangle.
Next we consider the case of x ∈ Conj(p). Take sufficiently small ε > 0 such that y ∈ Cut(x ε ), where x ε := γ(d(p, x) − ε). Let c ε : [0, a ε ] −→ M be the unit speed minimal geodesic segment emanating from x ε to y. We can assume c ε ([0, a ε ]) ⊂ N (c), because lim ε→0 c ε = c by the locality. Since x ε ∈ Conj(p), we can apply the argument above to △( − → px ε , − → py), and obtain its comparison triangle △(õx εỹ ) with − → ∠ (px ε y) ≥ ∠x ε and ← − ∠ (pyx ε ) ≥ ∠ỹ. Then △(õxỹ) := lim ε→0 △(õx εỹ ) is the desired comparison triangle. ✷ Proof of Theorem 1.2. We can prove the theorem by applying Lemma 6.6 to thin triangles and by the same argument as the proof of Lemma 6.3. ✷
